CUSPS OF THE KAHLER MODULI SPACE AND 
STABILITY CONDITIONS ON K3 SURFACES 
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Abstract. In [Ma09| S. Ma established a bijection between Fourier- 
Mukai partners of a K3 surface and cusps of the Kahler moduh space. 
The Kahler moduli space can be described as a quotient of Bridgeland's 
stability manifold. We study the relation between stability conditions 
a near to a cusp and the associated Fourier-Mukai partner Y in the 
following ways. (1) We compare the heart of a to the heart of coherent 
sheaves on Y . (2) We construct Y as moduli space of a-stable objects. 

An appendix is devoted to the group of auto-equivalences of ©'(AT) 
which respect the component Stab'' (X) of the stability manifold. 
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1. Introduction 

Let X be a projective K3 surface over the complex numbers, and let 
T = 'D^{X) be the bounded derived category of coherent sheaves on X. 

We associate to T the complexified Kahler moduli space KM{T) by the 
following procedure. Let N{T) be the numerical Grothendieck group of T 
endowed with the (negative) Euler pairing. We consider the following period 
domain 

D(r) = {[z] G F{N{T)c) I z.z = 0, z.z > 0}. 
and define KM{T) to be a connected component of Aut(T) \ D(T)- The 
image of Aut{T) in the orthogonal group 0{N(T)) is known by [HMS09j . 
In particular it is an arithmetic subgroup. Therefore, we can compactify the 
Kahler moduli space to a projective variety KM{T) using the Baily-Borel 
construction [BB66j. 
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The boundary KM{T) \ KM{T) consist of components, called cusps, 
which are divided into the following types (cf. section [2D: 

• 0-dimensional standard cusps, 

• 0-dimensional cusps of higher divisibility and 

• 1-dimensional boundary components. 

In |Ma09j . [MalOj Shouhei Ma establishes a bijection between 

( K3 surfaces Y 1 J standard cusps of the 1 

^ [ with V^Y) ^ r J ^ ^ I Kahler moduh space KM{T) J ' 

Moreover, cusps of higher divisibility correspond to realizations of T as 
the derived category of sheaves on a K3 surface twisted by a Brauer class. 
Unfortunately the proof is not geometric but uses deep theorems due to 
Mukai and Orlov to translate the statement into lattice theory. 

The aim of this work is to find a more geometric explanation for this phe- 
nomenon using Bridgeland stability conditions [Bri07| , |Bri08] . The space 
Stab[T) of Bridgeland stability conditions on T is a complex manifold and 

carries canonical actions of Aut(T) and of the universal cover G/^(R) of 
G/^(M). For each pair of a; G Amp{X) and /3 G NS{X)^ with u"^ > 2 
Bridgeland constructs an explicit stability conditions fTx(/3,u;) G Stab{T). 
Denote by Stab^{T) the connected component of Stab(T) containing these 
stability conditions. 

A special open subset of KM{T) can be identified with the quotient space 

(1) KMoiT) ^ Aut^iT) \ Stab^{T)/Gl2{^), 

where Aut^{T) is the group of auto-equivalences respecting the distinguished 
component Stab^{T). This statement is essentially due to Bridgeland and 
was stated in |Ma09] and [B ri09j before. However, it seems to rely on proper- 
ties of the group Aut^{T) which are established in appendix [71 cf. Corollary 
[TnUl We denote the quotient map by vr : Stab^{T) KM{T). 

1.1. Hearts of stability conditions. Our first result addresses the fol- 
lowing question: Every stability condition a determines a heart A{a) of a 
bounded t-structure. Also, every derived equivalence $ : V^iY) T de- 
termines the heart ^{CohiY)). How are these two hearts related for a near 
the cusp associated to Yl 

Theorem (|5.5|) . Let [v] G KM{T) be a standard cusp, andY the K3 surface 
associated to [v] by (*). Then, there exists a path a{t) G Stab^{T),t » 
and an equivalence $ : T>^{Y) T such that 

(1) lim7r(o-(t)) = [v] eTM{T) and 

(2) lim^(cr(t)) = ^{Coh(Y)) as subcategories of T ■ 

The path in this theorem is the image of ay^tp, toj) under a certain equiv- 
alence. It is easy to construct other paths satisfying (1) which have limiting 
hearts given by tilts of Coh(Y). The natural question arises, how all limiting 
hearts look like. 

Instead of allowing all possible paths we identify a class of paths 7(t) G 
KM{T), called linear degenerations to a cusp [v] G KM{T), and restrict 
our attention to them. The prototypical example of a linear degeneration is 
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Figure 1. Kahler moduli space with cusps, associated K3 
surfaces and two different degenerating paths. Paths of type 
a) are considered in Theorem l5.5t whereas b) pictures a hnear 
degeneration. 

7r((Tx(/3, iw)). In this case the heart of crx(/3,tw) is constant and given by 
an exphcit tilt of Coh{X). We prove the following proposition. 

Proposition (j5.9l 15. 2|) . Let [v] G KM{T) he a standard cusp and j{t) E 
KM{T) be a linear degeneration to [v], then ^{t) is a geodesic converging 
to [v\. 

The (orbifold-)Riemannian metric we use is induced via the isomorphism 
S)(r)^0(2,p)/SO(2) xO(p). 

Conjecture. Every geodesic converging to [v] is a linear degeneration. 

This conjecture is true in the case that X has Picard rank one. More- 
over, if one uses the Borel-Serre compactification to compactify KM{T) the 
conjecture seems to follow from |JM02| . 

The next theorem classifies paths of stability conditions mapping to linear 
degenerations in the Kahler moduli space. 

Theorem (|^ . Let [v] be a standard cusp ofKM(T). Leta{t) G Stah^{X) 
be a path in the stability manifold such that TT{a{t)) € KM(X) is a linear 
degeneration to [v]. Let Y be the K3 surface associated to [v] by (*). Then 
there exist 

(1) a derived equivalence $ : V^{Y) T 

(2) classes /3 € NS(Y)u, oj G Amp{Y) and 

(3) a path g{t) G G/^(M) 
such that 

a{t) = ^,{a^{P,toj)-g{t)) 

for all t > 0. 

Moreover, the hearts of a{t) ■ g{t)^^ are independent of t for t S> 0. If 
u G Amp{X), then the heart can be explicitly described as a tilt of Coh{Y). 

Here, a^iPjUj) is an extension of Bridgeland's construction of ax{P,uj) 
to the case that uj G Amp(X) and (cf. Lemma |4.8|) . 
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1.2. Moduli spaces. Another question we posed ourselves is: Can we con- 
struct y as a moduli space of stable objects in stability conditions near the 
associated cusp [v] G KM{T)'! 

For V G N{X) and a G Stab{X) we consider the following moduli space 
of semi-stable objects 

M'^iv) = {e e V\X) I ^(j-semi-stable, v{E) = v } / ~ 

where E ^ F \i there is an even number /c G 2Z and a quasi-isomorphism 
E = F[k]. This is a version of the moduli stack constructed by Lieblich 
|Lie06] and Toda [Tod08]. We prove the following result. 

Theorem ()6.12p . If v ^ ^{^) isotropic vector with v.N(X) = Z and 

a G Stab'^{X) a v-general stability condition, then: 

(1) The moduli space A4'^{v) is represented by a K3 surface Y . 

(2) The Hodge structure H'^{Y,7j) is the isomorphic to the subquotient 
of H{X,Z) given by v^/ZiV. 

(3) The universal family E G A4x{v){Y) C T>^{X xY) induces a derived 
equivalence V\X) ^ V\Y). 

This is in some sense a negative answer to our question: The isomorphism 
type of M'^^v) does not depend on whether the stability condition a is close 
to a cusp or not. On the other hand, the isotropic vector v determines a 
standard cusp [v] G KM{T) and Y is indeed the K3 surface associated to 
the cups. 

1.3. Auto-equivalences. On the way of proving the above result we need 
to construct enough equivalences that respect the distinguished component 
Stab\T). We cohected our results in an appendix which is essentially inde- 
pendent of the rest of the paper. 

Theorem (|7.5l 17.61 I7.7p . The following equivalences respect the distin- 
guished component. 

• For a fine, compact, two-dimensional moduli space of Gieseker-stable 
sheaves M^{v), the Fourier-Mukai equivalence induced by the uni- 
versal family. 

• The spherical twists along Gieseker-stable spherical vector bundles. 

• The spherical twists along Oc{k) for a { — 2)-curve C C X and /c G Z. 

This allows us to show the following strengthening of a result of [HLOYOl] , 
|HMSn9| . 

Proposition dZS]). Let Aut^{V''{X)) C Aut{V''{X)) be the subgroup of 
auto- equivalences which respect the distinguished component. Then 

Aut\v\X)) ^ 0+^,^^{H{X,Z)) 

is surjective. 

Another direct consequence is the description ([T]) of the Kahler moduli 
space, cf. Corollarv l7.1U[ 



CUSPS AND STABILITY CONDITIONS 



5 



Acknowledgment. This work is part of a Ph.D. thesis written under the 
supervision of Prof. D. Huybrechts in Bonn whom we thank sincerely for 
his generous support. 

We thank T. Bridgeland, E. Looijenga, N. Perrin, M. Rapoport, D. van 
Straten for their help with various questions and P. Sosna for his careful 
reading of earlier versions of this text. We thank the Bonn International 
Graduate School in Mathematics and the Sonderforschungsbereich TR4 5 ior 
financial support. 

1.4. Notation. Our notation will largely follow Huybrechts' book |Hu y06| . 
Let X be a projective K3 surface over the complex numbers. The Picard 
rank of X is denoted by p{X) = rk{NS{X)). 

We write H{X, Z) for the full cohomology Z)eH'^{X, Z)®H'^{X, Z) 

endowed with the Mukai pairing (r, /, s).(r', I', s') = l.V — rs' — r's, and the 
weight-two Hodge structure 

H'^'\x) = H^'^{x) e H^^^{x) e 

= H^'°{X), = H°'^{X). 

We write N{X) = H^{X, Z) © NS{X) © H^{X, Z) for the extended Neron- 
Severi group. It is an even lattice of signature (2,p(X)). 
To a sheaf A G Coh{X) we associate the Mukai vector 

v{A) = ^td{X).ch{A) = {r{A),ci{A),s{A)) G N{X), 

where s{A) = ^ci(A)^ — C2{A) + r{A). By the Riemann-Roch theorem 
we have —x{A,B) = v{A).v{B). Therefore, we can identify N[X) with the 
numerical Grothendieck group N[Coh{X)) = K [C oh{X)) / ia,d{x) via the 
map A I— >■ v{A). 

We denote by 'D^{X) the bounded derived category of coherent sheaves 
on X. We have natural isomorphisms between the numerical Grothendieck 
groups N{V^{X)) = N{Coh{X)) = N{X). Every C-hnear, exact equiva- 
lence <1> : —7- D^iY) induces a Hodge isometry which we denote by 

: H{X,Z) — > H{Y,Z). 

We say that two K3 surfaces X and Y are derived equivalent if T)'^{X) is 
equivalent to 'D^{Y) as a C-linear, triangulated category. 

2. Geometry of the Mukai lattice 

Let X be a projective K3 surface over the complex numbers and 'D'^{X) its 
derived category. Let = N{'D^{X)) be the numerical Grothendieck group 
of In this section, we will introduce various groups and spaces that 

are naturally associated to the lattice N. 

The isomorphism N = N{X) gives us the following extra structures. 

(1) An isotropic vector vq = (0, 0, 1) G N. 

(2) An embedding of a hyperbolic plane 

ip:U^ H^[X, Z) © F^(A, Z) N. 

(3) The choice of an ample chamber Amp{X) C NS{X)^ C N^. 

(4) A weight-two Hodge structure H{X,Z) with H^^^{X) n H{X,Z) = 
N. In particular, a group action of OHodge{H{X,Z)) on A^. 
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We will pay special attention to which constructions depend on what addi- 
tional data. 

Convention 2.1. In later sections, when we have fixed an identification N = 
N(X), we will allow ourselves to abuse the notation by filling in the standard 
choices of the above extra structures. For example, we shall write C{X) for 
the space C{N{X),vo, Amp{X)) introduced in Definition 12.131 

2.1. The Kahler period domain. Let be a non-degenerate lattice of 
signature (2, p). 

Definition 2.2. We define the Kdhler period domain to be 

D(Ar) = I [z] e P(iVc) I = 0, z.z > } C P(iVc)- 

We also introduce the following open subset of Nc: 

r{N) = {z £ Nc\ R{Re{z),Im{z)) C is a positive 2-plane} C iVc- 

This set carries a natural free G/2(IK)-action by identifying Nq = N ®z C 
with N ®zR^- 

Lemma 2.3. There is a canonical map 

e : V{N) — > 2)(iV) 
which is a principal G/^(M)^-6tind/e. 

Proof. This map is most easily described using the canonical isomorphism 
T){N) = Gr2°{N^), where Gr2"{N^) is the Grassmann manifold of positive 
definite, oriented two-planes in (cf. |BBD851 VII. Lem.l]). We define 9 
to map a vector [z] G V{N) to the oriented two-plane P = M.{Re{z) , Im{z)) . 
As Gl2{R) acts simply and transitively on the set of oriented bases of P, 
this map is a principal G'/2^(M)-bundle. □ 

In the case N = N{X) = H^{X) ® NS{X) ® H^{X) there is a weh known 
tube model of the period domain, given by 

exp: {z = x + iye NS{X)c | > 0} A S{N), z ^ [(1, z, ^z^)]. 

To define this map we used the full information about the embedding U = 
H^{X)®H^{X) into N{X). In this section we will construct a similar map, 
which only depends on the isotropic vector vq = (0,0,1). Compare also 
|Dol96[ Sec. 4]. 

Let A'" be a non-degenerate lattice of signature (2, p), p > 1. To a primitive 
isotropic vector v € N(X) we associate the lattice 

L{v) = v-^/Zv = {z £ N \ z.v = 0} /Zv 

of signature (1, p — 1) and the affine space A(v) = { z N \ z.v = —1 } /Zv 
over L{v). Note that, if = N{X) and v = vq, then L{v) ^ NS{X). 

Definition 2.4. We define the tube domain associated to N and v as 

TiN,v) = A{v)R X C{L{v)) 

where C{L{v)) = {y £ L{v)m. | > O}. Note that A{v)u is naturally an 
affine space over L{v)m.- We consider T{N,v) as a subset of Nc/Cv by 
mapping {x,y) to x + iy G Nq/Cv. We will often write x + iy for a pair 
{x,y)£T{N,v). 
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Lemma 2.5. There is a canonical map Exp^ : T(N,v) V{N) such that 
exp^ = 00 Exp., : T{N, v) — > D(iV) 

is an isomorphism. 

Proof. We construct the inverse to Exp^. The set 

Q{v) = {z e Nc\ z'^ = 0,z.z > 0, z.v = -1 } C V{N) 

is a section for the GI2 {^)-ai,ction on V{N). 

One checks immediately, that the projection Nq Nc/Cv induces an 
isomorphism Q{v) — ?> T(N, v). Define Expy to be the inverse of this isomor- 
phism. □ 

Remark 2.6. In particular, we obtain a section of the G/J(M)-bundle 6, 
namely = Expv o exp~^ : Tl{N) — )■ V{N). 

Lemma 2.7. Let g G 0{N) be an isometry of N , then g induces a commu- 
tative diagram 

T{N, v) V{N) T>{N) 



T{N, w) V{N) D(iV), 

where w = g ■ v. □ 

2.2. Roots, Walls and Chambers. Recall that, every lattice deter- 
mines a root-system ^{N) = {6^N\6'^ = —2 } . To every root 5 € A(A^) 
there is an associated reflection, ss ■ w t-^ w + {5.w)6 which is an involu- 
tive isometry. The subgroup W{N) C 0{N) generated by the reflections is 
called Weyl group. 

If we are given an isotropic vector v (z N we define 

A>^{N, v) = {6e A{N) I -v.6>0}, A°(iV, v) = {S £ A{N) \v.5 = 0}. 

The group generated by the reflections { ss \ S € A^{N, v) } is denoted by 
W^{N,v). 

Definition 2.8. To 5 G A(A^) we associate a divisor 

D{5) = {[z\\z.5 = CS)(7V) 

and define 'Sq{N) = D(iV) \ U { D{5) \ 5 G A{N) } . 

The connected components of 'T){N) = T{N,v) are clearly contractible. 
In contrast the space X'o(A^) is the complement of a infinite number of hy- 
persurfaces and will therefore in general not even have a finitely generated 
fundamental group. Following Bridgeland (cf. Remark 14. 10|) we will decom- 
pose ^o{N) into a union of co dimension-one submanifolds called walls and 
their complements called chambers such that each individual chamber is 
contractible. 

Definition 2.9. Given S G A''^{N,v) and a primitive, isotropic vector 
V (z N, we define a real, codimension one submanifold, called wall 

Wa{6,v) = {[z]£ J){N) I -Z.5/Z.V G M<o} C D(iV). 
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To a vector 5 E A^{N,v) we associate the wall 

WciS, v) = {[z]£ D(iV) I - Z.6/Z.V G M } . 

One can check, that Wc{5,v) only depends on the image / of (5 in L{v) = 
v-^/Zv. Therefore we write also Wc{l,v) for Wc{S,v). We define 

^a{N, v) = ^{N) \ U { Wa{S, v)\6e A>\N, v) } 

Dc(iV, v) = D(A^) \ y { Wc{S, v)\6£ A^iV, v) } . 

We denote the intersections Do{N) D Da{N,v),Da{N,v) n Dc{N,v), etc. 
by Do^A{^,v),'^A,ci^,v)i etc., respectively. For any combination * of the 
symbols 0,A,C we set 

niN,v) = exp;;H^,iN,v)). 

Remark 2.10. The seemingly unnatural notation, —z.S/z.v G M<o, is chosen 
since for z = Expy{x + iy) we have z.v = —1, and hence —z.bjz.v = z.b. 

The sets considered above are indeed complex manifolds as the unions of 
D{S),Wa{^.v) and Wc(l,v) are locally finite [BnOSl Lem. 11.1]. 

lib ^ A^{N,v), then D{6) C Wc{5,v), and if 5 G ±A>'^{N,v), then 
L>(5) C Therefore, 

^A,c{N,v) C Do(iV,^^). 

Lemma 2.11. [BriOSl Lem. 6.2, Lem. 11.1] Let 

T)y2{N, = { exp^,(x + iy) G D(A^) | > 2 } C S(A^) 

anc? denote by So^^2{^,v) = 2}>2(A^, f) n2)o(-/V, i") etc. t/ie various inter- 
sections. 
Then 

^>2iN,v) C^a{N,v) 

and the inclusions 2)>2(iV, f) C Sa{^,v), ®o,>2(-^5'y) C Do,a(-^i^^) a'^d 
®o,c,>2(-^5 ) C S)o,c,yl(-^) 'i') c^^'e deformation retracts. 

Recall that, L = L{v) is a lattice of signature (l,/3 — 1). We defined 
C{L) = { y G Lk I > } to be the positive cone. This space has two 
connected components, let C(L)"'" be one of them. For I G A(L) define a wall 
W{1) = { y G C(L) I y./ = } and set C(L)o = C(L) \U { W{1) \ I G A(L) } . 
Connected components of C(L)o are called chambers. 

Lemma 2.12. We have 

Tc{N,v) = A{v)rxCo{L{v)). 

Moreover, the connected components o/ So,a,c(-^i ^) C Dq{N) are con- 
tractible. 

Proof. The first assertion is a direct calculation. It follows, that the con- 
nected components of Dci^,v) and Dc,>2iN,v) are contractible. Now, the 
components of '^^o,A,ci^:'v) are contractible since Lemma 12.111 shows that 
'^c,>2i^,v) C Do^A,ci^Tv) is a deformation retract. □ 
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Definition 2.13. If we are given a chamber Amp C C{L{v))q we define 
C{N,v,Amp) C 2)o,yi,c(-^) 'w) to be the connected component containing 
the vectors expv{x + iy) with y G Amp, y'^ > 2. 

The connected component of Tl{N) containing C{N,v,Amp) is denoted 
by D+(iV). We introduce also the notation D+(iV) = D+(iV) nD*(iV, v) for 
a combination * of the symbols 0, A, C, > 2. 

The orthogonal group 0{N) acts on D{N). We denote by 0~^{N) be the 
index two subgroup preserving the connected components of ;D(A^). 

Remark 2.14. The set C{N,v,Amp) can be described more explicitly as 
{ exp{x + iy) € | y £ Amp{X), (*) } where (*) is the condition 

Exp{x + iy).d ^R<o for ah 6 € A>'^{N{X),v). 

This is the description used in |Bri08j . 

3. Ma's Theorem 

The goal of this section is to explain Ma's theorem about cusps of the 
Kahler moduli space of a K3 surface ( |Ma09j . |MalOj ). 

We use the recent result |HMS09j to make the construction of the Kahler 
moduli space intrinsic to the derived category. This allows us to formulate 
Ma's theorem in a more symmetric way. 

3.1. The Kahler moduli space. Recall from Definition l2.l5l that T>(X) = 
D{N(X)) has a distinguished connected component Ti~^{X) containing the 
vectors exp{x + iy) with y £ NS{X) ample. The key ingredient for our 
construction of KM{1') is the following theorem. 

Theorem 3.1. |HLOY04j . [Pb05] . |HMS09l Cor. 4.10] The image of 

Aut{V\X)) OHodge{H{X,Z)) 

is the index-two subgroup 0^^^g^{H{X, Z)) of isometries preserving the com- 
ponent C 

Let $ : D^i^X) 'D'^{Y) be a derived equivalence between two K3 surfaces. 
Then the isomorphism : T>{X) T)(Y) maps to 

This theorem allows us to make the following definition. 

Definition 3.2. Let 2)^(T) be the connected component of the period 
domain 3!)(T) = Ti{N{T)) which is mapped to D'^{X) under every derived 
equivalence T = V^{X). 

We define the Kahler moduli space of T to be 

KM{r) = Tr\^+{T) 

where Ft- is the image of Aut{T) in 0{N{T))- 

Remark 3.3. Let us introduce the notation KM{X) for KM{T>^{X)). Theo- 
rem [XT] shows, that we have a canonical isomorphism 

where r+ C 0{N{X)) is the image of 0^^^g^{H{X,Z)) in 0{N{X)). Ma 
works in the setting T = T)^{X) and uses \ D^{X) as definition for the 
Kahler moduli space. 
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Remark 3.4. There is another construction of the Kahler moduh space using 
the theory of Bridgeland stabihty conditions which is proved in the appendix 
cf. Corollary [73UJ 

KMo{X) ^ Aut^{V\X)) \ Stab^X)/Gl2{R). 

Here KMo{X) = TJ^ \ Dq (X) C KM{X) is the complement of a divisor 
and Aut'^{V^{X)) is the group of auto-equivalences respecting the distin- 
guished component Stah\X) of the stability manifold. This was also stated 
in |Ma09j without proof. 

Note that, this description is not intrinsic to the derived category as the 
component Stah^{X) C Stab{V^{X)) may a priori depend on X. But in 
fact, no other component of the stability manifold is known. 

Example 3.5. If X has Picard rank p{X) = 1 and the ample generator H € 
NS{X) has square H.H = 2n, then the Kahler moduli space is isomorphic 
to a Fricke modular curve KM{X) ^ r(j"(n) \EI. See [MalOl Sec. 5], |Dol96[ 
Thm. 7.1]. 

The subgroup Ft- C 0{N{T)) is of finite index since it contains 

C)+(iV(r)) = 0+{N{T)) n Ker{0{N{T)) ^ Aut{A{N {T)))) 

where A{N{T)) = N{TY /N{T) is the discriminant group, cf. |Ma091 Def. 
3.1.]. Hence we can apply a general construction of Baily and Borel to 
compactify the Kahler moduli space. 

Theorem 3.6 (Baily-Borel). |BB66| There is a natural compactification 
KM{T) C KM{T) which is a normal, projective variety over C. 

The boundary dKM{T) = KM{T) \ KM{T) consists of zero- and one- 
dimensional components called cusps, which are in bijection to T-Y\Bi, where 

Bi = {I C X{T) I / primitive, isotropic, rk{I) = i + 1} 

for i = 0, 1 respectively. 

Definition 3.7. The set of zero-dimensional cusps is divided further with 
respect to divisibility. For I G Bq we define 

div{I) = g.c.d{{ v.w \ v e I,w e N{T) }) 

and set Bq = {I £ Bq \ div{I) = d}. Cusps corresponding to elements of Bq 
are called standard cusps. 

We call V £ N a. standard vecto^ if v.v = and div{v) := div{'Lv) = 1. 

Remark 3.8. The group F7- contains the element —id^^q-^ = [1]^ which 
interchanges the generators of any I £ Bq. Therefore, the map v 1-^ Zv 
induces a bijection 

Tr\{v e N{T) \ V standard } = { standard cusps of KM (T) }. 

We will refer to standard cusps as equivalence classes [v] = Tj- ■ v via this 
bijection. 

-'^This definition is not standard. 
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3.2. Ma's theorem. 

Definition 3.9. The Kahler moduh space of 'D^{X) comes with a distin- 
guished standard cusp [vq] S KM{X),vo = (0,0, 1) € N(X), which is called 
large volume limit. 

We are now ready to state Ma's theorem. 

Theorem 3.10 (Ma). |Ma09j . [MalOj There is a canonical bijection 

K3 surface \ T = V\X)}^^i — >{ standard cusps oflCM{T)}. 



The cusp of KM{T) associated to Y corresponds to the large volume limit 
of X under the isomorphism KM[T) = KM{X) induced by any equivalence 
T = V^{X). 

We denote the K3 surface associated to a cusp [v] by X{v). 

Proof. We sketch Ma's original proof for the case T = T>^{X) and then 
generalize to our situation. 

Every derived equivalence $ : V^iY) — )■ T)^{X) induces an isometry <I>^ : 
N(Y) — >■ N{X), and therefore an embedding of the hyperbolic plane 

U ^ H°{Y) e H^{Y) C N{Y) ^ N{X). 



It follows from Orlov's derived global Torelli theorem |Huy06 Prop. 10.10] 
that this construction induces a bijection 

{ y K3 surface | V^{X) ^ V\Y) Emb{U, N{X))/rx, 

where Emb(U,N{X)) is the set of all embeddings of the hyperbolic plane 
U into N{X), and Fx C 0{N{X)) is the image of OHodge{H{X,Z)) in 
0{N{X)). The key insight of Ma is that the map (p i— >■ <p{f), where e, f & U 
is the standard basis, induces a bijection 

Emb{U,N{X))/Tx — > {v £ N{X) \ v standard } /r+. 

Combining with Remark 13.81 one gets a bijection 

{ y K3 surface | V\X) ^ V\Y) — > { standard cusps of 'KM{X) } 

which maps X maps to [vq\. Note that, the Hodge structure H'^{Y,'L) of 
a K3 surface Y can be reconstructed from the associated cusp [v] as the 
subquotient /v of H{X,'L). 

To generalize to arbitrary T we choose an equivalence T = I?^(X) and 
claim that the above bijection is independent of this choice. Indeed, if we are 
given another equivalence T = T>^iY), then the composition $ : D''(X) = 
r = V^{Y) induces a Hodge isometry : H{X,Z) H{Y,Z). If a 
standard vector v £ X{T) corresponds to vi € N(X) and V2 G N{Y) then 
<I>^ induces an isomorphism of Hodge structures 

H\Xivi),Z) ^ vi/vi v^/v2 = H\X{v2),Z). 

Now, the global Torelli theorem shows that the K3 surfaces X(vi) and X(v2) 
are isomorphic. □ 
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Remark 3.11. Let v G N{X) be a standard vector defining a standard cusp 
of KM(X). The Fourier-Mukai partner Y = X{v) associated to this cusp 
via Ma's theorem is determined up to isomorphism, by the property that 

H^{X{v),Z) ^ v^/v 

as subquotient of Z). 

We cannot formulate an analogues statement for the cusps of KM{T) 
since there is no construction of the Hodge structure H{X, Z) known, which 
is intrinsic to the category ^^{X). 

Remark 3.12. Let X be a K3 surface, [v] € KM{X) a standard cusp and 
let Y = X{v) be the associated Fourier-Mukai partner. We have seen that 
every derived equivalence $ : V^{X) ^ V^{Y) maps [v] to the large volume 
limit [vo] G 'KM{Y). 

In appendix 17.41 we will strengthen this result in two directions. Firstly, 
we will construct a with the property that <I>^ maps v to vq and not only 
the orbit [v\ to [vq\. Secondly, the equivalence <I> respects the distinguished 
component of the stability manifold (cf. Subsection 14. 3p . 

4. Stability conditions 

Our next goal is to relate the Kahler moduli space to the stability mani- 
fold. In this section we recall from [Bri07j and [BriOSj the basic theory of 
Bridgeland stability conditions in the special case of a K3 surface. On the 
way we introduce the notation and establish some geometric results that 
will be used in sequel. The link to the Kahler moduli space will be made in 
section O and Corollary 17. lUI in the appendix. 

4.1. Definition of stability conditions. Let X be a K3 surface. Recall 
from |Bri071 Def. 5.7, Def. 2.3., Prop. 5.3], that a stability condition a on 
V''{X) consists of 

(1) a heart ^ of a bounded t-structure on X'^(X) and 

(2) a vector z € N{X)c called central charge 

with the property that Z : K{A) — >■ C,^ v{A).z satisfies 

Z{A) G M U M<o for all A e A, A ^ 0. 

We require moreover local-finiteness and the existence of Harder-Narasimhan 
filtrations. 

In the usual definition, the datum of the heart is replaced by a collection 
of subcategories V{(l)) C A, (p € M., called slicing. The equivalence to the 
above definition was shown in [Bri071 Prop. 5.3]. 

The main result about the stability manifold of a K3 surface is the fol- 
lowing theorem. 

Theorem 4.1. |Brin7[ Cor. 1.3], [BriOSl Thm. 1.1] The set of all stability 
conditions on a K3 surface X has the structure of a (finite- dimensional) 
complex manifold Stab{X) . 

There is a distinguished connected component Stab\X) of Stab{X) such 
that the map a = {A, z) ^ z induces a Galois cover 

vr : Stab\X) V^{X). 
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Moreover, the Galois group is identified with the AutQ{'D^{X)) C Aut{'D^{X)), 
the group of auto- equivalences that respect the component Stab^{X) and act 
trivially on the cohomology H{X,'Z). 

4.2. Group actions. Given a derived equivalence <I> : I)^{X) 'D^{Y) 
and a stability condition {A, z) on 'D^{X) we get an induced stability con- 
dition ^^{A,z) = {^{A),^^{z)) on V^{Y). In this way we obtain a left 
action of the group Aut{'D''{X)) on Stab{X). 

There is also a right action of the group 

GlU^) = {{T,f)\TG Gl+(R), f :R^R,f{^+l)= + 1 with (#) } 

on Stab{X) (cf. [BriOTj Lem. 8.2.]). Here (#) stands for the condition 
M>o T ■ exp{i'K(j)) = M>o exp{i'ir f {(p)) . 

Example 4.2. For A G M set Sa = (exp(i7rA), ^ (jy+X) e G/^(M). Then the 
action of the shift [1] equals the action of the Si on the stability manifold. 

4.3. Construction of stability conditions. Explicit examples of stability 
conditions on a K3 surface are constructed as follows. 

Fix classes /3 € NS{X)^ and oj € Amp{X) and define a central charge 

Expi^ + iuj) = (1, /? + iio, + iujf) G NiX)c. 

For a torsion free sheaf A of positive rank denote by 

^mm(^) = inf \A^Q,Q torsion free} 

/xr"(^)=sup{/x,(5)|5-^A} 

the extremal slopes. Define full subcategories of Coh{X) by 

T={Ae Coh{X) 1 .4 torsion oi n^'"" {A/ Ators) > P-oo} 
J^={Ae Coh{X) I ^torsion free and n^''''{A) < ^.u}. 

The following full subcategory of 'D''{X) is a heart of a bounded t-structure. 

AiP, u) = {E£ V\X) I H^{E) G r, H-^{E) G T, H\E) = if i / 0, -1}. 

Theorem 4.3. |Bri08l Lem. 6.2, Prop. 11.2] The pair 

cr{(3, u) = {A{P, oj), z = Exp{f3 + ioj)) 

is a stability condition on 'D^{X) if 9{z) = exp{P + iuj) G C{X) C ©(X). 
The set of all stability conditions arising in this way is denoted by V{X). 

The connected component of Stab{X) containing V{X) is called distin- 
guished component and denoted by Stab^{X). 

Let <I> : ^^{X) — )■ T>^{Y) be a derived equivalence between two K3 sur- 
faces. We say respects the distinguished component if ^^.Stab^ (X) = 
Stab^{Y). 

Remark 4.4. The heart A{I3,ujX) is independent of A > 0. Indeed, we 
have ^i\u;{A) = X^^ and hence the conditions ^"^^^{A/ Ators) > P-lo and 
^^"•^(A/Ators) < /3.W are invariant under oj Xuj. Therefore T and J- do 
not depend on A. 
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Remark 4.5. By [BriOSl Prop. 10.3] the action of G^^(M)-action on V{X) is 

free. We introduce the notation U{X) := V{X) ■ (M) ^ V{X) x G/J(M) 
for the image. 

The fohowing proposition gives an important characterization of U{X). 

Proposition 4.6. tBri08[ Def. 10.2, Prop. 10.3] Let a = {A, z) he a stability 
condition on D^{X). Then a € U(X) if and only if the following properties 
hold. 

(1) All skyscraper sheaves Ox are stable of the same phase. 

(2) The vector z lies in Vq^X). 

4.4. Geometric refinements. 

Remark 4.7. Let us summarize the above discussion in the fohowing dia- 
gram: 

U{X Y ) Stab^X) > V+{X) 

Stab^X)/Gl. 

^ )pcn _ 

V{X) < = > C{X) 

Here we identify V{X) with its image in Stab"^ {X) / Gl^ (M.) . The maps tt, vf 
are covering spaces. Moreover, the map tt : U{X) 6^^[C{X)) is a covering 
space with fiber Z. 

Lemma 4.8. Consider the map a : C{X) V{X) which maps exp(f3 + iuj) 
to the stability condition a{(3,uj). 

LetZo^>2{X) be the closure of Co^>2 = C{X) n D(};>2(^) in D^^^^i^), 
and V^2{X) be the intersection ofV{X) with 7r^^(D>2(X)). 

Then there is a unique continuous extension of a\cQ ^2i-X) ^'^ isomor- 
phism 

a* :Zo,>2(X) ^F>2(X). 

Proof. Under the isomorphism exp : T{N{X),vq) — t- T>{X) the set >Co,>2(^) 
gets identified with | x + | y S Amp{X), > 2, (*) | where (*) is the 
condition 

(x + iy).l i Z for all I G A(iV5(X)) 

As we have y.l > for y G Amp{X)^ we can retract £o,>2(^) into the 
subset >C(X)>2 = C{X) n S)>2 via the homotopy (x + iy, t) i— >■ x + iy + tiuj 
for t G [0, 1] and u G Amp{X). It follows that Co^^2{X) is contractible. 

Hence, the restriction of the covering space tt : Stab^X) — > Vq{X) to 
q{^0,>2{X)) C 'Pq{X) is trivial (cf. Remark [2. 6 1 for the definition of q = q^^) 
and there is a unique section s extending a o 6 : q{C{X)) — > V{X) to 
q{i^o,>2{X)). We now set a* = s o q. □ 

Next, we recall Bridgeland's description of the boundary of U{X). As 
a well known consequence we get a covering of the stability manifold by 
certain translates of the closure U{X). 
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Theorem 4.9. |Bri081 Thm. 12.1.] The boundary dU{X) is contained in a 
locally finite union of real codimension-one suhmanifolds. If x & dU{X) is 
a general boundary point, i.e. lies only on one of these suhmanifolds, then 
precisely one of the following possibilities hold. 

(A^) There is a rank r spherical vector bundle A such that the stable 

factors of the objects Ox,x X are A and T^(C'x)3 
{A~) There is a rank r spherical vector bundle A such that the stable 

factors of the objects Ox,x € X are A[2] and T^^{Ox). 
(Ck) There is a non-singular rational curve C and an integer k such that 

Ox is stable if and only if x ^ C. If x £ C, then it has a stable 

factor Ocik)[l]. 

Remark 4.10. If cr G U{X) satisfies condition {A'^) or (A^), then the central- 
charges of Ox and A are co-hnear: Z{A)/Z{vo) £ M>o. This is precisely the 
condition we used in Definition 12. 91 to define the A-type wall Wa{v{A),vo) C 
Therefore the image 7r{a) of in lies on Wa{v{A),vo)- 

Similarly, if a € U{X) satisfies condition {Ck), then Tf{a) lies on the wall 
WciviOc),vo) of type C. 

Definition 4.11. Let W{X) C Aut(V''{X)) be the group generated by the 
spherical twists T\,To^(^k) foi' all (— 2)-curves C, k £ Z, and spherical vector 
bundles A, which occur in the description of the boundary dU{X) given in 
Theorem 14.91 

Remark 4.12. One can check, that all equivalences ^ G have the 

property <^^{vq) = vq. This means we get a map 

W{X) — > W^{N{X),vq) C 0{N{X)), $ ^ ^>^. 

As we will see in Proposition 17. 7t this map is surjective. 

Remark 4.13. All equivalences $ G W{X) respect the distinguished compo- 
nent Stah'^{X). Indeed, the spherical twists Tq^i^^) a^id T\, which generate 
W{X), map the corresponding boundary components of dU{X) into dU {X), 
cf. |Bri08t Thm. 12.1.]. We will study equivalences with this property more 
closely in section [71 

The following lemma is an easy consequence of the proof of |Bri081 Prop. 
13.2.]. 

Lemma 4.14. The translates of the closed subset U{X) under the group 
W{X) cover Stab^X): 

U <^dI{X) = Stab^iX). 

One can show, moreover, that the intersections of the interiors U{X) 
are empty unless <^ = id. However, we will not need this refinement. 



Here Ta denotes the spherical twist functor, cf. |Huy06| Sec. 8.1.]. 
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5. Cusps and hearts of stability conditions 

In this section we proof our main geometric results about cusps and sta- 
bility conditions. We will introduce the notion of a linear degeneration to 
a cusp in the Kahler moduli space and classify all paths in the stability 
manifold mapping to linear degenerations. Moreover, we construct paths in 
the stability manifold with special limiting hearts. 

We will use the results proved in appendix [71 

5.1. Linear degenerations in KM(X). 

Definition 5.1. Let 7(t) G KM{X),t S> be a path in the Kahler moduli 
space and [v] a standard cusp of KM{X). 

We say 7(t) is a linear degeneration to a cusp [v] £ KM(X) if there exists 
a lift a{t) of 7(t) to D^{X) and a vector w € Tx ■ v such that 

a{t) = expy,{xo + ityo) 

for some xq G A{w)r, yo G C{L{w)). 

Proposition 5.2. Let j{t) be a linear degeneration to [v] € KM{X). 

(1) The limit of j{t) inl<M{X) is 

lim7(t) = [v] G 'KM{X). 

t—^oo 

(2) If /3{t) is another lift of j{t) to ^^(X), then there is a g £ Tx such 
that 

/3{t) = exp^/(xo + ityo) 
for w' = g-w, Xq = g-xo, y'o = g ■ yo and t » 0. 

Proof. In [Loo03l 2.2] Looijenga constructs a basis of neighborhoods of [v] G 
KAI{X) as follows. Let F.^; = {g G \ g ■ v = v}. Consider the exponential 
parametrization 

exp, : A{v)u x C+{L{v)) 

The semi-group L{v)^ x C'^{L{v)) acts on A{v)^ x by translation, 

and hence also on D^{X). For an open subset K of T)~^{X) let 

U{K, v)=T,- {L{v)k X C+iL{v))) ■ K C 

which is also an open subset of D'^{X). 

Then the images of uiKM{X) = F+\2)+(X), where C 

runs through all open and non-empty subsets of form a basis of 

neighborhoods of [v] G KM{X). 

It is easy to see that every linear degeneration ^[t) G KM{X) lies even- 
tually in any of the subsets U{K,v). This shows the first claim. 

We now proceed to the second claim. By assumption, there are g{t) G FJ 
such that f3{t) = g{t) ■ a{t). We have to show that it is possible to choose 
g{t) independent of t ior t ^ 0. Note that, the action of Fx on D{X) is not 
fixed point free, and hence the elements g{t) itself may depend on t. 

By [ BB661 Thm. 4.9. iv)] there is a subbasis {U{K' ,v)} of neighborhoods 
of the cusp [v] such that F^ \ U{K',v) injects into KM{X). 

Note that F„ acts linearly on the tube model, i.e. g ■ exp(x -|- iy) = 
exp{g ■ x + ig ■ y) for the canonical action of on A{v) and L(v). Therefore 
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the fixed point locus of an element g E F^, is either disjoint form a{t) or 
contains a{t) for all t. 

This can be used to construct a uniform g = g{t). Indeed, let Iq ^ 
and suppose, without loss of generality, that a(to) = /3{to). For g £ Ty the 
closed sets 

C{g) = {te[0,l]\g- a{to + t)= /3(to + t) } 

cover the interval [0, 1]. Our argument above shows that if C{g)r\C{g') / 0, 
then C{g) = C{g'). By the properness of the action we see that C{g) 7^ 
only for finitely many g. But an interval cannot be covered non-trivially by 
finitely many disjoint closed subsets. If follows that C(id) = M>tQ. □ 

5.2. Linear degenerations of stability conditions. We have the follow- 
ing natural maps from the stability manifold to the Kahler moduli space. 

Stah^X) 

^^^^^^^^^^ 

V+{X) > F+ \ Do+(X) = KMoiX) 

The goal of this section is to proof the following Theorem. 

Theorem 5.3. Let [v] G KM{X) be a standard cusp and a{t) G Stab^X) 
be a path in the stability manifold with the property that TT{a{t)) G KM{X) 
is a linear degeneration to \v\ . Let Y be the K3 surface associated to [v] by 
Ma's theorem \'J.l(A Then there exist 

(1) a derived equivalence ^ : D^iY) D^^X) 

(2) classes x G NS{Y)m., y G Amp{Y) and 

(3) a path g{t) G G7^(M) 
such that 

a{t) = <^,{a*Y{x,ty)-g{t)) 

for all t » oH 

Moreover, the hearts of a{t) ■ g{t)~^ are independent of t for t ^ 0. If 
y G Amp{X), then the heart can be explicitly described as the tilt ^y(x,y) 
ofCoh{Y). 

Proof. By Proposition 15.21 Tr{a{t)) is a linear degeneration if and only if 

TT{a{t)) = expw{xo + ityo) e Tl^{X) 

for some w G Fx ■ v, xq G A{w)]s,, yo G C{L{w)). 

Note that, w is a standard vector and the Hodge structure on w^/w 
induced by H{X, Z) is isomorphic to v^/v. So, by Theorem lT. 1 1 l and Remark 
13.111 there is a derived equivalence ^ : V^{X) 'D^{Y) such that = 
vq, and $*(T(t) G Stab'^iY). Hence we may assume, without loss of generality, 
that w = vq. 

Now we claim, that there is a continuous path g{t) G GI2 (M) such that 
TT{a{t)-g{t))=Expy,{xo + ityQ)(^V^{X). 



The stability condition (Ty (x, y) was constructed in Lemma [4. 81 If y G Amp{X), then 
aY(x,y) agrees with Bridgeland's stability condition (TY{x,y) (cf. Definition 14.31 ) 
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Moreover, two such paths g{t),g'(t) differ by an even shift T,2k,k € Z (cf. 
Example [32]), i-e. g'{t) = Safe o g{t). 

Indeed, in Remark 12.61 we constructed a section q^^ : T){X) — > ViX) of 
the 0/2" (IK)-action on V{X). Hence, there is a unique h{t) S 0/2" (1^) such 
that 7r((T(t)) • h{t) = qy^{expyf^{xQ + ityo)) = Expvf^{xo + ityo)- Every choice 

of a continuous lift (7(t) of h{t) to (1^) has the required property. As 
is a Galois cover with Galois group Z acting by even 
shifts k 1-^ T,2k the latter statement follows. 

We choose a to > such that (toyo)^ > 2. Lemma l4.14l shows. that there is 
an auto-equivalence ^' G C Aut\V''{X)), such that ^'*cT(to) G U{X). 

It is easy to see, that there is a (unique) A; G Z such that ^'*(T(to) • ^2k G 
This allows us to assume, without loss of generality, that cr(to) ^ 

ViX). 

By assumption on to, we have furthermore cT(to) € y>2(^). Now Lemma 
14.81 shows that 

cr(*o) = o"x(a^>*oy)- 

We claim that the same holds for all t > Iq. Indeed, let cr'(t) = ty), t > 

to- Then a{t) and cr'(t) are two lifts of the path Expyg{x + ity) € Po^(X) 
to Stab^{X) with the same value at t = to- As vr is a covering-space we 
have a{t) = (y'{t). This shows the claim and therefore the first part of the 
proposition. 

It remains to show, that the hearts a*j^{x,ty) are independent of t > to- 
In the case y G Amp{X) this follows directly from Remark 14.41 The general 
case is more involved: 

We introduce the symbol A{t) for the heart, and Vti^)) for the slicing, of 
the stability stability condition cr{t). Let E G ^(to), we have to show, that 
E £ A(t) for all t > to- We claim the following statements: 

(1) If ^ G ^(((0, 1)) for one t > to, then E G ^^([0, 1]) for all r > to- 

(2) If S G Vtlo) for one t > to, then E G ^^(0) for ah r > to- 

(3) If ^ G Vtll) for one t > to, then E G Vr{l) for ah r > to- 

Once we have shown the claim, we argue as follows. Grouping Harder- 
Narasimhan factors in (t(1) we get an exact triangl^ 

A >E >B >A 

with A G Pto(l) and B G Pto((0, 1)). Let now t > to. By (1) we have 
B G ■P(([0, 1]). Taking Hader-Narasimhan filtration in cr(t), yields exact 
triangles 

= Bo > Bi > B2 > B-?. = B 




Ci C2 C3 

with Ci G Vt{l),C2 G n((0,l)),C3 G Vt{0). By (2) we have C3 G ^,{0), 
but B G Vtg{{0,l)), therefore {a : B ^ C3) = which is only possible 
if C3 = 0. This means that B G 7^t((0, 1]) = A{t). By (3) we also have 
A G Vt{l) C A{t), which implies E G A{t) since A{t) is extension closed. 



We use the symbol A J- B for a morphism A — s- B[l]. 
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Ad 1: Let ijo G Amp{X) be an ample class, then also y + soo \s ample for 
all s > 0. For s > 0, t > to, let cr(t,s) = a* {x,t{y + su))) G V{X) (cf. Lemma 
USD. Note that f7(t,0) = a{t). 

The property E € Va{{0, 1)) is clearly open in a. Hence we find e > 0, 
with E G Vt,siiO, 1)) for aU e > s > 0. If s > 0, then a{t,s) G V{X) and 
the heart A{a(t,s)) is independent of t > to (cf- Remark |4.4|) . Therefore, 
E G A{a{T,s)) for all t > tQ,s > 0. Taking the limit s — )■ we find 
E G Vri[0,l]), for all r > to- 

Ad 3: Applying a shift we reduce this statement to (2). 

Ad 2: The property E G 'Pr(O) is clearly closed in r. It suffices to show 
openness. Fix t > to with E G Vt{0) and 1 > e > 0- 

Let T be the set of objects which occur as semi-stable factors of E in 
a stability condition cT(r), |t — r| < e. Then the set T has bounded mass 
(cf. proof of [Bri08[ Prop. 9.3.]), and therefore the set of Mukai vectors 
S = {v{A) I ^ G T} is finite (cf. [BnOSl Lem . 9.3]). 

Writing out formula for Zt{v) as in |Bri08t Sec. 6], we see that Ini{Zt{v)) 
vanishes if and only if ImlZriv)) vanishes for all r > to. It follows that S 
decomposes as a disjoint union S = S^iiiS' , where Im{ZT-{v)) = (or ^ 0) 
for all r > to, if V G (or v £ S' respectively). 

As the interval [t — e,t + e] is compact and S is finite, there exists a 
1 > a > such that \arg{ZT-{v))\ > a for all v G S', \t — t\ < e. 

Making e again smaller, we can assume that 

(#) E G Vr{{-a, a)) for all \t - t\ < e. 

It follows that all semi-stable factors ^ of £' in stability condition (j{t) with 
|r — 1| < e, have the property that v{A) G . Moreover, as A G Vrii—a, a)) 
and arg{Zr{A)) G Z, we find A G Pr(0) and therefore E G Vr{Q). □ 

5.3. Limiting hearts. 

Definition 5.4. Let C be a category. For a sequence of full subcategories 
A{t) C C,t ^ define the limit to be the full subcategory of C with objects 

lim A{t) = {E eC \ E e A{t) for all t » } . 

Theorem 5.5. Let [v] G KM(X) be a standard cusp, and Y the associ- 
ated K3 surface. Then, there exist a path a{t) G Sta¥{X),t ^ and an 
equivalence $ : V''(Y) ^ V^{X) such that 

(1) limfr(o-(t)) = [v] G KM(X) and 

(2) lim^(cj(t)) = ^Coh{Y)) 

as subcategories ofT>^{X). 

Proof. By Theorem 17.111 there is a derived equivalence $ : P''(X) — )■ V^^Y) 
mapping [v] to [vq] and a{t) into the distinguished component Stab'^(Y). 
Hence we may assume, without loss of generality, that [v] = [vq] and X = Y . 

Let uj G Amp{X) and consider the sequence ax {ujt,ujt) G Stab^X). 

As in the proof of Proposition 15.21 we see that 7r((T(t)) = [exp{t(3 + itu)] 
converges to [vq]. Indeed, if the vector /3 + itu lies in a principal open 
U {K, Vq), then also tfi + itu G U{K, uo), since U {K, v) is invariant under the 
additive action of L{vq)k on T{N,vq). 
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The heart Ax{tuj,tuj) consists of objects E G V^{X) with H^{E) G T{t), 
H-^{E) G F{t) and W{E) = for all i ^ {0, -1}, where 



As a;2 > every sheaf A lies in J-{t) for t sufficiently large. Similarly no sheaf 
A lies in T{t) for ah t » 0. Thus we find lim Ax{(^t,ujt) = Coh{X)[l]. □ 

5.4. Metric aspects. In this section we will define a natural Riemannian 
metric on the period domain D{N) and show that linear degenerations are 
geodesies. 

Let be a lattice of signature (2,p). The natural action of the real Lie 
group G = 0{N^) on P(Ac) induces a transitive action of G on Tl{N). Let 
[z] G D{N) be a point and let P C be the positive definite subspace 
spanned by Re{z) and Im{z). The stabilizer of [2] G S(A) is the compact 
subgroup 



Let tp C be the Lie algebra of Kp C G. We can identify the tangent space 
r[^]D(iV) with the quotient g/tp. 

As G is semi-simple, the Killing form on 3 is non-degenerate. Let 
mp = tp be the orthogonal complement of tp with respect to B. More 
expHcitly, by |Hel78[ III.B.ii] we have B{X, Y)= p- Tr{X o Y) and 



We get a Cartan decomposition g = tp 0mp. The restriction of S to mp is 
positive definite and induces an invariant Riemannian metric on D{N) via 
the canonical isomorphism mp = T[^]D(A) (cf. |Hel78l III.7.7.4]). 

Now |Hel781 IV.3, Thm. 3.3.iii] shows, that the geodesies oiT){N) through 
\z\ are given by the images exp{tX) ■ [z] of the one-parameter sub-groups 
{exp{tX) 1 1 G M} C G with A G mp. We will construct a special A G mp 
such that exp{tX) ■ [z] is a linear degeneration through [z]. 

Let vq & N he a standard vector and let x + iy (z T{N, vq) with [z] = 
expyQ{x + iy). Recall that x G Ak/uqI^ with x.vq = —1. There is a unique 
lift xq of X to Ar such that (xq)^ = 0. Indeed, if x is any lift, then xq = 
X — ^{x'^)vo has the required property. 

Set xi = —xq and let U C Ak be the hyperbolic plane spanned by {vo,xi). 
We get a one-dimensional Lie sub-algebra 



which depends on the choice of vq and x. 

Lemma 5.6. The Lie algebra a{vQ,x) is contained in mp. 

Proof. Let R = [/-*- and decompose Ajj as a direct sum A]r = {vq) © {xi)(BR. 
We write elements of Ajg as column vectors (a, b, c)*'' = avo + bvi + c with 
a, 6 G M and c £ R. We have 




Kp = {5 G G I 5 • N = N } = 50(P) X O(P^). 




o(i;o,x) = so(?7) C g 
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The two-plane P is spanned by the vectors (— ^y^, — 1, 0)*'' and (0,0, y)*''. 
The Lie algebra o(uo,a) consists of all matrices 

/A 0\ 
= -A , A G M. 

Vo 0/ 

One checks easily, that A\{P) _L P. The orthogonal complement of P 
consists of all vectors 7 = c)*^ with c.y = 0. Therefore, 

Ml) = {^\by\ -A6, o)**- = \ha e P 

This shows that a{vQ,x) C mp. □ 

Lemma 5.7. Let [z\ = expy^^{x + iy) € 2)(A^) and Ax € a(t;o,a:), i/ien i/ie 
action of exp{Ax) is given by 

exp{Ax) ■ [z] = expy^{x + ity), 

where t = exp{X) . 

Proof. As above we write elements of A'r as column vectors with respect 
to the decomposition iVR = (vq) © (xi) © R. Similarly, endomorphisms are 
represented by matrices. We have 

/to \ 

exp{Ax) = , 

Vo idj 

where t = exp{X). Therefore, 

expiAx) ■ P = 0)*^ (0, 0, yf^ 

= ((-^M',-l,Or,(0,0,ty)*'-), 

which is the two-plane spanned by the real- and imaginary parts of the 
vector Expyg{x + ity). □ 

Corollary 5.8. For all x + iy ^ T{N,vo), the path 

a{t) = expvg{x + i exp{t) y) € D{N) 

is a geodesic of constant speed. 

If r C G is a discrete subgroup acting properly and discontinuously on 
T){N) then the quotient F \ T){N) inherits a Riemannian metric on the 
smooth part (r\D{N))reg- Geodesies in {T\'Zi{N))reg are locally the images 
of geodesies on D{N). More generally we define geodesies in T\D{N) to be 
the images of geodesies in Tl{N). 

This discussion applies in particular to the Kahler moduli space of a K3 
surface X. From the definition of linear degeneration and Corollarv 15.81 we 
get immediately the following statement. 

Corollary 5.9. Linear degenerations are geodesies in the Kdhler moduli 
space KM{X). 
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Note however, that our parametrization exp{x + ity) is not of constant 
speed. 

We conjecture the following converse to the above corollary. 

Conjecture 5.10. Let [v] € KM{X) be a zero- dimensional cusp. Then 
every geodesic converging to [v] is a linear degeneration. 

We have the following evidence. The conjecture holds true in the case X 
has Picard rank one. Then, ^{N)~^ is isomorphic to the upper half plane 
and the geodesies converging to the cusp ioo are precisely the vertical lines, 
which are our linear degenerations. 

If one uses the reductive Borel-Serre compactification KM{X)^'^ to com- 
pactify KM{X), then the analogues conjecture seems to follow from [JM02) . 
Indeed, Ji and MacPherson describe the boundary of KM{X)^^ as a set of 
equivalence classes of, so called, EDM-geodesics (cf. |JM021 Prop. 14.16]). 
Moreover, all EDM-geodesics are classified in |JM021 Thm. 10.18]. They are 
of the form {u,z,exp{tH)) € Nq x Xq x Aq where Q C G is a rational 
parabolic subgroup and Nq x Xq x Aq = Tl{N) is the associated horocycle 
decomposition. We think, that linear degenerations to [v] are the geodesies 
associated to the stabilizer group G[„] of [v] € F{Nc). Moreover, all geodesies 
7 that converge to the boundary component e{[v]) C KM{X)^^ associated 
to should have the EDM property. It follows form the classification, 
that 7 is of the form {u,z,exp{tH)) for some rational parabolic subgroup 
Q C G. Since 7 converges to e([v]), we have Q = and therefore 7 should 
be a linear degeneration. 

There is a natural map ZM(X)^'5 ^ 'KM{X) (cf. [BJ061 III. 15.4.2]). 
One should be able to prove the full conjecture by studying the fibers of this 
map over a cusp [v] G KM{X). 

6. Moduli spaces of complexes on K3 surfaces 

In this section we construct K3 surfaces as moduli spaces of stable objects 
in the derived category of another K3 surface. First we introduce a moduli 
functor, which is a set-valued version of Lieblich's moduli stack cf. |Lie06j . 
We will show in subsection 16. 3[ that Fourier-Mukai equivalences induce 
natural isomorphisms between moduli spaces. Finally, in subsection 16.51 we 
prove our main theorem. 

Before we can give the actual definition, we recall the notion of a per- 
fect complex in the first subsection. Moreover, we establish a base-change 
formula and a semi-continuity result which will be important later. 

6.1. Perfect complexes. We denote by 'D(X) the unbounded derived cat- 
egory of coherent sheaves on X. 

Definition 6.1. Let X T be a morphism of schemes. A complex E € 
P(X) is called relatively T-perfect, if there is an open cover {Uu} of X such 
that E\u^ is quasi- isomorphic to a bounded complex of T-flat sheaves of 
finite presentation. 

We call E strictly T-perfect if E itself is quasi-isomorphic to a bounded 
complex of T-flat sheaves of finite presentation. 
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Lemma 6.2. [LieOGj Cor. 2.1.7] IfT is an affine scheme and f : X ^ T is 
a flat, finitely presented and quasi-projective morphism, then every relatively 
T-perfect complex is strictly T-perfect. 

The following base-change result is presumably well known to the experts. 
The main difference to the usual base change theorems like [Har77[ Prop. 
5.2] is that we do not assume flatness of any maps, but perfectness of the 
complex. 

Proposition 6.3 (Base Change). Consider a diagram of separated, noe- 
therian schemes 




where p is proper and both squares are Cartesian. Let E G ^^{X) be a 
strictly S-perfect complex. Then the base change morphism 

]Li*Rp^E — y Rq^hfE 

is an isomorphism. 

The same holds true if E G is only S-perfect but p is flat, finitely 

presented and projective. 

Proof. As the statement is local in Y' we may assume that Y, Y', S, S' are 
affine. If E is S-perfect and p is flat, finitely-presented and projective, then 
Lemma 16.21 shows that E is strictly S-perfect. Hence it suffices to treat the 
case that is a bounded complex of 5-flat coherent sheaves on X. 

Step 0) Choose a finite open affine cover il = {Uu} of X. The Cech- 
complex C(il, E) € 'D^{X) of E with respect to il is the total complex of the 
following double complex of quasi-coherent sheaves on X 

C'^iii,En= n ^*^"lc/.„n...nf/.,, = 4,df = (-l)P<5'', 

Uo<--<Uq 

where l : Ui,^ri - ■ -CiUu^ — > X denotes the inclusion. It comes with a canonical 
morphism 

(2) E^C{il,E), meEP^{m\u,)^eC^iii,EP). 

which is a quasi-isomorphism. This can be checked using the spectral se- 
quence for double complexes and the vanishing of the E^"^ in degrees q ^ 0. 

Step 1) We claim that the sheaves C^{ii,E),n G Z are acyclic for p^,. 
The sheaf C"(il, E') is a direct sum of sheaves of the form t^-E^I^// where 
U' = n • • • n Uu„ ■ Since X is separated U' is affine. The morphism 
p' : U' — > Y between affine schemes is affine and hence all higher direct 
images M^p'EP\i/' = 0,i > vanish. Hence 

Rp^E^pXiii, E). 
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The sheaves C"(il, E) are stiU 5- flat, since p^,E\if' are given by restriction 
of scalar s along the morphism of affine schemes p' : U' ^ Y . This shows 
that 

(3) lLi*Rp^E ^i*p,C{ii,E). 

Step 2) On the other hand we have 

hfE^fC{il,E), 

since C"(il,^;) is 5-flat for ah n G Z. 

We claim that j*C"(it, E),n £ Z are acyclic for q^. 

Again we use that j*C^{ii,E) are direct sums of sheaves of the form 
j*i*£J^|(7' with U' = J/iyg n • • • n Uuq- Consider the open affine subset V' = 
j~^{U') C X' and the following diagram 




We have 

fi^EPy = j*i,L*EP = l'J*l*EP = t'J*fEP. 

In the second step we use base change for open inclusions of affine schemes 
into separated schemes. It follows that the higher direct images vanish: 

M.W^*EP\u') = Wq,{i'J*j*EP) = Wq',{i'*fEP) = 

for all i > 0. We used in the second step that is exact and in the third 
step that q' is affine. 
This shows that 

(4) Rq,hj*E^q,j*Ci!d,E). 

Step 3) The base change morphism 

9 : hi*Rp^E — > Rq^hfE 

can be constructed using the adjunction of Lg*,M(7*, and hp*,Rp^. It can 
be computed on appropriate resolutions using the adjunction of functors of 
sheaves between q* , q^ and p*,P:t. 

Under the quasi-isomorphisms (UD and (I2D the morphism 9 is given by a 
morphism of complexes whose components are base-change morphisms 

qJ*i*EP\u' = q'J*EP\u' i*piEP\u' = i*p,i,EP\u' 
for the affine schemes V' ,U', Y, Y' and thus isomorphisms. □ 

Proposition 6.4 (Semi-continuity). Let X —?■ T be a proper morphism 
between separated, noetherian schemes and let E E T)^{X) be a T -perfect 
complex. 

For t (z T, denote by it : Xf = X Xt {t} — ?■ X the inclusion of the fiber 
and by Ef = LiJ'i? the derived restriction. Then the function 



t I—)- dim 



\XuEt 
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is upper semi- continuous. 

Proof. We may assume T is affine and ii^ is a bounded complex of T-flat 
coherent sheaves. By Theorem 16.31 we have 

n'{X,Et) = W(LilRp^E) 

as sheaves on {t} = Spec{k{t)). In the proof of this theorem we saw that 
E^p^E can be represented by a bounded complex of T-flat, quasi-coherent 
sheaves with coherent cohomology. 

The remaining arguments are identical to the proof of the semi-continuity 
theorem for a T-flat sheaf E in |Har77[ Thm. III. 12.8]. □ 

6.2. Moduli functor. Let X be a K3 surface and T be a scheme over C. 
For a point t £ T(C) we denote hy it : X X xT the inclusion of the fiber 
and for a complex E G 'I)^{X x T) let Et = I^i^E be the restriction. 

Definition 6.5. For v E N{X) and a G Stab{X) consider the moduli 
functor 

M^xiv) : {Shm/CyP (Set), T ^ {E e V\X x T) [ (*) }/ ~ . 

Here (Shm/C) is the category of separated schemes of finite type over cJl 
The symbol (*) stands for the following conditions. 

(1) The complex E is relatively T-perfect. 

(2) For all t G T(C) the restriction Et G V^iX) is cr-stable of Mukai 
vector v{Et) = v. 

The equivalence relation ~ is defined as follows. We have E ^ E' if and 
only if there is an open cover UTi, = T of T such that for all ly there is a line 
bundle L G Pic{Ty) and an even number /c G 2Z with E = E'[k] ^prgT on 
X xT^. 

To a morphism of schemes i : S" — )• T in {Shm/C) the functor assigns the 
map 

l.i\ : M'k{v){T) ^ M'k{v){S) 
sending E G V^{X x T) to "Li^E, where ix = idx x i- 

6.3. Moduli spaces under Fourier Mukai transformations. 

Theorem 6.6. Let ^ : V^^X) V^iY) he a Fourier-Mukai equivalence 
between two K3 surfaces X and Y, then $ induces an isomorphism of func- 
tors 

M'^x{v)^Mp^^^v) 

Proof. Denote by pT, Qt and vr the projections from XxyxTtoXxT, "KxT 
and X X Y, respectively. Let V G T)^{X x Y) be the Fourier-Mukai kernel 
of We claim that the map 

(5) M^xiv){T) 3E^ <^>t{E) := Rgr^iPrE ®^ TT*r) 

induces a natural transformation A4x{v) — > Ady*'^ v) between the mod- 
uli functors. For this we need to check the following properties. 
(1) The complex <I>r(£') is relatively T-perfect. 



For technical reasons related to Proposition 16.31 we have to restrict ourselves to this 
subcategory. 
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(2) Naturality: For all i : S ^ T £ (Shm/C) and E G M'^{v){T) we 
have 

Li^ o <^>t{E) = $50 U*x{E). 

(3) For all t € T(C) the complex ^T{E)t is <I>*(T-stable of Mukai vector 

Ad 1) As X X y is a smooth projective scheme, we can represent P by a 
bounded complex of coherent, locally free sheaves. Since locally-free sheaves 
are acyclic for _ (8)"" _ we find that -k*!^ (8)"" is T-perfect. 

Now, |Gro71l SGA 6,III,4.8]1 shows that the pushforward M.qT^{p*rpE ®^ 
7r*V) is still T-perfect. 

Ad 2) This is a direct computation using the base-change formula Propo- 
sition 16. 3[ 

Ad 3) By (2) we have <^TiE)t = ^>(£^t). Now (3) follows from the definition 
of <I>*(T and ^^{v). 

Finally we need to show that ^ is an isomorphism. For this we use the 
following straight forward Lemma. 

Lemma 6.7. Let $ : V^{X) V^{Y) and ^ : V\Y) V\Z) he derived 
equivalences between K3 surfaces X, Y, Z, then 

o-^T = o : Mxiv) — > Mziw) 

where w = ^^{^^{v)) and r = ^^{^^{a)). □ 

An inverse to the equivalence ^ is given by a Fourier-Mukai transforma- 
tion ^ with kernel P^[2]. Moreover, the kernels of the compositions ^' o 
$ o are quasi- isomorphic to Oa e V\X x X) and Oa £ V^{Y x Y) 



respectively (cf. |Huy06 5.7, ff.]). Clearly Oa induces the identity on 
A13s:(^)) -^y(''^)- This shows that $t and are inverse natural trans- 
formations. □ 

6.4. More on stability conditions. Before we can finally state our main 
result on moduli spaces of stable objects we need another digression on 
stability conditions. First, we prove a classification result for semi-stable 
objects, then we introduce fo-general stability conditions and derive some 
basic properties. 

Proposition 6.8. Let a € U{X) be a stability condition. Then an object 
E is a -semi-stable with Mukai vector vq = (0, 0, 1) if and only if there is an 
X eX andk e2Z such that E = O^^ [k] ■ 

^E £ V^{X) I v{E) = Wo, E (T- semi- stable | = { 0^[2k] \ x £ X,k eZ}. 

Proof. Let a G U{X) be a stability condition. The objects Ox,x E X are 
(7-stable by Theorem 14.61 and hence in particular semi-stable. 

Let E' be a a-semi-stable object with Mukai vector vq. Applying an 

element in GI2 (M) we can assume that a is of the form a{L0,l3). There is a 
unique k £ Z such that E'[k] = E lies in the heart A{uj,f3). As Z(j[E) = 



^ Grothendieck and lUusie use a slightly different definition of relative perfectness. 
The definition agrees with ours in the case of flat morphisms of finite type between locally 
noetherian schemes (cf. ILie06l Def. 2.1.1.] ff). The projections Xxr-)-Tandyxr->-T 
clearly have this property. 
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(— l)'^Zo-(fo) = —(—1)'^ has to lie in H U M<o the number k has to be even 
and the phase of E is one. Take a Jordan-Holder filtration 

C El C E2 C ■■■ C En = E 

of E in A{uj, f3). The stable quotients Ai = Ei/Ei^i have the same phase as 
E. Hence we can use the classification result of Huybrechts, |Huy08 Prop. 



2.2], which shows that Ai = F[l] for a vector bundle F or Ai = Ox for some 
X G X Note that the Mukai vectors in these two cases are given by 

v{F[l]) = -(r, /, s) with r > 0, u(O^) = (0, 0, 1). 

By assumption we have J2i ^(^i) = ^(-^) = (0; 0) !)• Hence the sum over the 
ranks of all occurring vector bundles has to be zero. This is only possible 
if there are none of them. Hence E is an extension of skyscraper sheaves. 
Comparing Mukai vectors again, one sees that E has to be of the form Ox 
for some x £ X. □ 

Definition 6.9. Fix a Mukai vector v G N(X). A stability condition a G 
Stab^{X) is called v-general if every cr-semi-stable object E of Mukai vector 
v{E) = t; is fj-stable. 

Lemma 6.10. Every stability condition a G U{X) is vq = (0,0, l)-general. 
No stability condition a G dU{X) C Stab\X) is VQ-general. 

Proof of Lemma. By Proposition 16.81 all u-semi-stable objects of Mukai vec- 
tor vq are shifts of skyscraper sheaves. All skyscraper sheaves Ox are u-stable 
by Proposition 14.61 

For the second claim note that Ox remains semi-stable for a G U{X). 
If 0" G U{X) and all Ox are ci-stable, then a G U{X) by Proposition 14.61 
Hence for a G dU{X) there are strictly semi-stable skyscraper sheaves. This 
means a is not VQ-general. □ 

Lemma 6.11. For all primitive Mukai vectors v G N(X) the set of v-general 
stability conditions is dense and open in Stab\X). 

Proof. Choose an open subset B° with compact closure B. In the proof of 
|Bri08[ Prop. 9.3.] it is shown that 

S = {E e V^{X)\E (T-semi-stable for some a G B,v{E) = v} 

has bounded mass. Hence [Bri081 Prop. 9.3] applies and we get a wall an 
chamber structure on B such that all objects E E S are stable outside 
a locally finite collection of walls. This shows the density. The openness 
follows from [BriOSl Prop. 9.4] applied to S. □ 

6.5. Reconstruction theorem. 

Theorem 6.12. Let v G N{X) be a standard vector and a G Stab^{X) a 
v-general stability condition. 

(1) There exists a K3 surface Y and an isomorphism of functors 

where Y_ is the functor {Shm/C)°^ —?■ (set) : T 1-^ Mor(T,Y). 

(2) The Hodge structure H'^(Y,X) is isomorphic to the subquotient of 
H{X,'L) given by jv. 
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(3) The universal family E G Ai'x{v)iY) C xY) induces a derived 

equivalence V''{X) V^{Y). 

Proof. The proof consists of three steps. First, we treat the case f = wq, o" G 
U{X) and show that Mfj{vQ) = X_ using Proposition EHl Next we generahze 
\jOV = vq and a € Stah'^iX) using Lemma [4. 141 Finally the general case can 
be reduced to v = using Theorem 17.111 

Stej) 1: Assume that vq = (0,0, 1) G N{X), and a G U{X), then 

Indeed, the morphism X — >■ TW^cl'^o) is given by 

f:T^X ^ Or, G M'^xMiT) 

where Fj C X x T is the graph of /. We have to show this map is an 
isomorphism. 

Injectivity: If we have two morphisms f,g:T—^X with Or, ~ then 
we claim that f = g. Indeed, by assumption there is a quasi-isomorphism 

Ot^ = Or, [k] pr^ L in V^{X x T) 

for some k G 2Z, L G Pic{T). As Or, and Or, ® ^ ^'^^ sheaves, we have 
/c = and the quasi-isomorphism is an isomorphism of coherent sheaves. 
Moreover, 

L = pr2,(Or, ® pr^ L) ^ pr2,(Or,) = Or. 
Hence it is Or, = Or, and it follows that f = g. 

Surjectivity: If [E] G M.'xivojiT), then LijE' is u-stable of Mukai vector 
Vq. It follows from Proposition 16.81 that Lz*S = Oa;[A;] for a point x G X 
and k ^ TL depending on t. Using the semi-continuity of t 1— )■ Li^E') 
(Proposition 16. 4( ) it is easy to see that the shift A: G 2Z is independent of t in 
each connected component Tq C T. Now we argue as in |Huy06[ Cor. 5.23.] 
to see that there is a morphism / : Tq — )■ X line bundle L G Pic{To) such 
that E'Ito = Or, ® pr^ L. Therefore E ~ Or, for some f -.T^ X. 

Step 2. Assume that a G Stab^{X) is a VQ-general stability condition. 
Then A4'^{vq) is isomorphic to X . 

Indeed, by Lemma KW we find a <^ G W{X) such that a' = <I>*((t) G UiX). 
Also note that we have 

'^Oc{k)M = "^0, TI"{vo) = Vq. 
It follows that fQ-general stability conditions are mapped to fo-general sta- 
bility conditions. By Lemma 16.101 we conclude that a' G U{X) and not in 
dUiX). 

As we have seen in Theorem 16.61 the Fourier-Mukai equivalence <I>~^ in- 
duces isomorphisms of functors 

M^'ivo) = M''*^<^>^vo)) = M'^'ivo) = X. 

The last isomorphism is provided by step 1. 

Step 3. General case. Let u be a standard vector and a G Stab^{X) be a 
u-general stability condition. By Theorem 17. 1 II there is a K3 surface Y with 
Hodge structure i?^(Y', Z) = v-'-fv and a derived equivalence ^ : 'D^(X) — )■ 
V''{Y) respecting the distinguished component and mapping v G N{X) to 
vo G N{Y). 
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Since a € Stah'^{X) is f-general also ^**(cj) € S'ta6^(y) is uo-general. By 
Theorem l6.6l the Fourier-Mukai transformation <I> : ^^{X) — t- V^iY) induces 
an isomorphism of moduli functors }A'x{v) = Aiy'^^ivo)- Now we apply step 
2 to conclude that A1**'"(?;o) ^ Y_. 

It remains to show that the universal family induces a derived equivalence. 
This follows from the fact that, under the isomorphism Y_ = A4'^{v) the 
element idy G Y.(X) rnaps to the kernel of the composition of the Fourier- 
Mukai equivalences used in the various reduction steps. □ 

Remark 6.13. In general one expects that the moduli space A4'^{v) under- 
goes (birational) transformations, called wall-crossings when a moves in 
Stab^{X). This behavior can be observed in our situation, too, but the 
transformations turn out to be isomorphisms. 

If cr G U{X), then M.'^{vo) parametrizes the skyscraper sheaves Ox,x G 
X. When a passes over a wall of type (Cfc), then the sheaves Ox,x £ C are 
replaced by the complexes Tq^(j.^Ox-: whereas the sheaves Ox,x ^ C remain 
stable. 

If (7 moves over an (^)"'~-type wall, tlien all sheaves Ox are replaced by 
the spherical twists T^'^Ox- 

7. Appendix: Equivalences respecting Stab^X) 

Let $ : D^^X) — )■ T)^{Y) be a derived equivalence between two K3 sur- 
faces. Recall from section [U that $ respects the distinguished component if 
^^Stab^iX) = Stab^Y). 

As we will see, this property can be verified for most of the known equiv- 
alences. It is expected that Stab{X) is connected and therefore it should in 
fact hold always. 

We will use the following criterion, which is an easy consequence of [BriOSl 
Prop. 10.3] cf. Proposition 14.61 

Corollary 7.1. Let ^ : V^{X) — >■ D^iY) be a derived equivalence between 
two K3 surfaces. If the objects ^{Ox),x £ X are a-stable of the same phase 
for some a G Stab'^i^), then $ preserves the distinguished component. 

As a direct application we find the following lemma. 

Lemma 7.2. The equivalences of derived categories listed below respect the 
distinguished component of the stability manifold. 

• Shifts: [I]: A[l] 

• Isomorphisms: For f : X = Y , the functor f^ : f^A 

• Line bundle twists: For L G Pic{X), the functor A ^ L ® A 

Before we can deal with more interesting auto-equivalences, we need a 
digression on stability conditions. 

7.1. Large volume limit. Following [Bri08[ Prop. 14.2] we will show that 
families of Gieseker-stable sheaves give rise to families of cj-stable objects in 
stability conditions a near the large volume limit. 

Let M be a quasi-compact scheme over C. Denote hy im '■ X ^ M x X 
the inclusion of the fiber over m G M(C). For a sheaf E G Coh{X x M) 
denote by Em the restriction i^E G Coh(X) to the fiber over m. 
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Proposition 7.3. Let h G NS{X) be an ample class. Let £ G Coh{M x X) 
be an M -flat family of Gieseker-stable sheaves affixed Mukai vector v{E„i) = 
V G N{X). Assume that r{Em) > and n{Em) = HhiEm) > 0. 

Then there exists a uq > 1 such that the objects Em,rn G M(C) are stable 
with respect to the stability condition a{0,nh) G V{X) for all n > hq. 

Proof. We will go through Bridgeland's arguments for the case of a single 
Gieseker-semi-stable sheaf and verify that they suffice to cover our situation. 
Our presentation fills in some details which were not explicitly mentioned 
in [BrinSj . 

We first note that the heart ^(0, nh) is independent of n and the objects 
E = Era lie in the heart A{0,nh). 

Suppose 7^ yl — )• -E is a proper sub-object of E in ^(0, h). We have the 
following formula 

(6) - = -{u{E) - u{A)) + in{fi{E) - ^,{A)) =: A„, 

where v{A) = s{A)/r{A). 

The inequalities arg(Z„(A)) < aig{Zn{E)) and arg(Z„(ii^)) < arg(A„) 
are equivalenlQ. Note that we have Zn{E) G H by the assumption i-t{E) > 0, 
if also A„ G H, then arg(Z„(i?)) < arg(A„) is equivalent to 

Re{Zn{E)) RejArr) ^ ujE) - i^jA) 
Im{Zn{E)) Lm{An) n{fi{E) - fi(A))- 

We claim that A„ G H unless ^ is a subsheaf and = n{E), in which 
case A„ G M<o. 

Indeed, consider the exact sequence of cohomology sheaves: 

(7) — > D — > A — > E — >B — ^0 

where D = 'H-^{Cone{A E)) and B = 'H^{Cone{A E)). Note that, 
A = n^{A) since H-^{A) = n-^{E) = 0. Let C ^ be the image of 
A ^ E. We get short exact sequences 

(8) — > D — > A — > E' — ^ and — > E' — > E — > B — ^ 0. 

li D = 0, then A ^ E \s & subsheaf and Zn{A) G EI unless ijl{A) = ij.(E). 
li D ^ 0, then we have ^(-D) < < ^i{A) and therefore also n{A) < n{E'). 
Hence fJ-{A) < fJ.{E') < fJ-{E) by stability of E. This shows the claim. 

In the case A„ G M<o we always have arg(Z„£^) < arg(A„) = 1. Thus we 
may exclude this case henceforth. 

Now, the quotient Re{Zn{E)) / Lm{Zn{E)) converges to +oo for n ^ oo. 
Hence it suffices to bound —{^{E) — i'{A))/n{n{E) — fi{A)) form above. The 
numerator can be bounded using the following lemma proved below. 

Lemma 7.4. The set 

{i/{A) \A^ Em sub-object in A{0, h), m G M(C)} 
is bounded from above. 



We use the convention that, for z G C* the argument arg{z) is the unique real number 
in [0, 2) such that z — r exp{i-n arg{z)) for some r G R>o. 
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It remains to find a constant C such that n{E) — fJ-{A) > C > 0. 
Case fi{E') < ^i{E): As r{E') < r{E) we have n{E) - n{E') > l/r{E)^ and 
since IJ,{A) < fi{E') the same bound holds for fJ-{E) — fJ-{A) as well. 
Case ^{E') = fJ,{E): li D = 0, then A ^ E is a subsheaf and again fJ,{E) — 
/i{A) > l/r{Ef. If D / 0, then the exact sequence ([H]) and fJ,{D) < shows 
that 

As r{E) = r{Em) is independent of m we get a uniform bound. □ 

Proof of Lemma. Recall that if v{A) = (r, I, s), then i'{A) = s/r. The Euler- 
characteristic of A is computed as 

h^iA) - hHA) + h\A) = x{A) = xiOx,A) = -(1, 0, l).(r, l,s)=r + s 

hence it suffices to bound xiA)/r from above. As > = fj,{Ox) we 

have Hom{A,Ox) = H^{A) = 0. Therefore x{A)/r < h^{A)/r. The long 
exact sequence 

H°{D) H^{A) H^{E') ^ H\D) ^ ... 

shows that h°{A) < h^{D)+h^{E'). Moreover, h^{E') < h^{E) and h^{E) = 
hP{Em) is bounded uniformly in m € M(C), since h^{Em) is semi-continuous 
and M quasi-compact. In the case D = we are done. Let now D 0. Note 
that r = r{A) > r{D), and hence h^{D)/r{A) < h^{D)/r{D). Therefore it 
suffices to bound 

{ h^{D)/r{D) I D = n-^{Cone{A E^)),m e M(C) } . 

Claim: h^{D)/r{D) < 1 for all D ^ {) torsion free with ^™*"(Z)) < 0. 

Let 7^ s € H^{D) be a section. As in |Bri081 Lem. 14.3] we show that 
s : Ox D is injective and that Q = coker{s) is torsion free. Note that 
also > //™"(L>) > unless Q = 0. Hence Q fulfills the same 

assumptions as D and we can apply induction on r{D). 
If r{D) = I, then = as L> has no non-trivial torsion- free quotients. 

If r{D) > 1, then /i°(L>) = /i°(g) + 1, since h^{X, Ox) = 0, and therefore 

h^jP) h\Q) + 1 ^ 
r{D) r(Q) + l " 

by induction hypothesis. □ 

7.2. Moduli spaces and spherical twists. A very important class of 
derived equivalences between K3 surfaces is provided by moduli spaces of 
sheaves. 

Proposition 7.5. Let M = Mh{v) he a fine, compact, two-dimensional 
moduli-space of Gieseker- stable sheaves on X and ^ : D^^M) 'D^(X) 
the Fourier-Mukai equivalence induced by the universal family ( cf. |Huy06[ 
Sec. 10.2];. 

Then <1> respects the distinguished component. 
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Proof. Let 0(1) be the ample line bundle with ci(0(l)) = h. Tensor ing with 
a large power of C(l) we reduce to the case n{E) > 0. Now Proposition 17.31 
applies and there is an n > such that all the sheaves Em,m € M(C) are 
stable in the stability condition a{0,nh) G U{X). As all sheaves Em lie in 
the heart ^(0, h) they have the same phase. Hence the proposition follows 
from Corollary 17.11 □ 

Proposition 7.6. Let A be a spherical vector bundle, which is Gieseker- 
stable with respect to an ample class h € NS{X). 

Then the spherical twist Ta ■ 'D''{X) — )■ 'D''{X) respects the distinguished 
component. 

Proof. The spherical twist functor has Fourier-Mukai kernel 
V = Cone{prlA^ (g)pr^A O^) G 'D\X x X) 



cf. |Huy06t Def. 8.3]. Let i^ : X ^ {x} x X C X x X he the inclusion of 



the fiber. Since i*(7^)[l] = Ta{0:^)[1] =: E^ is a sheaf, the complex V[l] is 
quasi isomorphic to a sheaf which is flat along pr^ . 

Mukai shows in |Muk87t Rem. 3.11.] that the sheaves E^ are Gieseker- 
stable. Therefore P[l] induces a map / : X — )■ Mh{vi), where vi = 
v{Ta{Ox)), which is easily seen to be an isomorphism. Hence Ta is a special 
case of a Fourier-Mukai transformation at a moduli space of Gieseker-stable 
sheaves and Proposition 17.51 applies. □ 

Using Bridgeland's description the boundary of U{X) in [BriOSi Thm. 
12.1] (cf. Theorem 14. 9p we can also show that spherical twists along torsion 
sheaves do respect the distinguished component. 

Proposition 7.7. Let C be a {—2)-curve on a K3 surface X and G 
then the spherical twist Tq^(^i^-^ does respect the distinguished component. 

Proof. We will show that every pair (C, k) does define a non-empty boundary 
component of U{X) of type (C^). Then [BriOSj Thm. 12.1] shows that 
'^Oc{k)^Pi-^) ^ ^(^) 7^ ^ therefore Tq^(j^-j respects the distinguished 
component, cf. Remark I4.13[ 

Every (— 2)-curve C defines a boundary component of the ample cone, 
i.e. there is a class r/ € Amp{X) such that C.rj = and C .r] > for all 
other (— 2)-curves C . Multiplying with a positive number we can assume 
that rf >2. 

We claim that there is always a /? G NS{X)^ such that 

(1) exp{iri + f3).5 ^ for all 5 G A{X), i.e. exp{ir] + /?) G VoiX). 

(2) expiif] + ^).6 i R<o for all 5 G A>0(X) and 

(3) p.C + ke (-1,0). 

Indeed, for 5 = {r,l,s) we have 

Lm{exp{ir] + /3).5) = l.rj — rf3.rj. 

This number is non-zero if r 7^ and f3.r] ^ l.rj/r. If r = 0, then 5^ = l'^ = —2 
and exp{irj + j3).5 = l.r] = implies that I = ±C by construction of rj. In 
this case Re{exp{irj + f3).S) = ±/3.C — s is nonzero if (3) is fulfilled. Thus 
it suffices to chose /3 in such a way that the countably many inequalities 
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/3.T] 7^ l-Tj/r, I € NS{X) and the open condition (3) hold. This shows the 
claim. 

Let a be the unique stability condition in U{X) with central charge 
exp(z?7 + /3). Note that a does not lie on a boundary component of type 
(A^) by (2). By construction, if x € C then Ox is destabilized by a se- 
quence 

Oc{n + l)^Ox^ Oc{n)[l] 0. 
Thus cr is a general point of a boundary component of U{X) of type (C„) 
for some n. The number n is uniquely determined by the property that 

Z,{Ocin)[l]), Z,(Oc(n+l)) GBIUM<o 

which has to hold since Oc{n + 1) and C'(7('^)[l] he in the heart of a. This 
is equivalent to —1 < j3.C + n < 0. Hence k = n hy condition (3). □ 

Remark 7.8. The general question if for a spherical object A G 'D''{X) the 
equivalence respects the distinguished component remains open - even 
in the case that yl is a vector bundle. 

7.3. Auto-equivalences and the Kahler moduli space. It was shown 
by [HL OY04j . [Plo05] and |HMS09j (cf. Theorem EID that the image of the 
map 

Aut{V\X)) OHodgeiH{X,Z)) 

is the index two subgroup 0^^^g^{H{X, Z)). 

Proposition 7.9. Let Aut^ {V^ {X)) C AutiV^iX)) be the subgroup of auto- 
equivalences which respect the distinguished component. Then 

Aut\v\X)) ^ 0+^,g^{H{X,'L)) 

is surjective. 



Proof. As explained in [Huy06 Cor. 10.13.] every element of 0^^^g^{H{X, Z)) 



is induced by the composition of derived equivalences of the following type. 

(1) Line bundle twists: For L e Pic{X), the functor L0_ G Aut{V^{X)). 

(2) For isomorphisms / : A ^ the functor /* : V''{X) V^{Y). 

(3) For fine, compact, two-dimensional moduli spaces M of Gieseker- 
stable sheaves with universal family £, the Fourier-Mukai transform 

FM{£) : V\M) V^{X). 

(4) Spherical twists along Ox ■ 

(5) Spherical twists along Oc for a (— 2)-curve C C A. 

All these equivalences do respect the distinguished component due to our 
Lemma [72] for (1),(2), Proposition 17.51 for (3), Proposition 17.61 for (4) and 
Proposition 17.71 for (5). □ 

This result enables us prove the alternative description of the Kahler 
moduli space using the stability manifold, alluded to in Remark 13.41 We use 
the notation from Section 2 and 3. 

Corollary 7.10. We have 

Aut\v\X)) \ Stab^{X)/Gl2iR) = AMo(A) 
where AMo(A) = Tx\^o{N{X)) C KM{X). 



34 



HEINRICH HARTMANN 



Proof. Recall that Autl{V\X)) is the subgroup of Aut^^iV^iX)) of auto- 
equivalences acting trivially on Z). By jBriOSl Thm. 1.1] (cf. Theo- 
rem UTT]) the quotient Autli{'D^{X)) \ Stab'^{X) is identified with the period 

domain V^{X) C N{X)c via n : Stab\X) V^{X). As vr is 
equivariant, we have 

Autl{V\X)) \ Stab\X)/Gll{W) ^ r^{X)/Glt{^) = ^^(X). 
Now Proposition 17.91 shows that 

Aut\v\X)) \ - Or^^,g^{H{X, Z)) \ S+iX) - KMoiX). □ 

7.4. Reduction to the large volume limit. As another consequence we 
obtain the following proposition which allows us to reduce many statements 
about objects with a standard Mukai vector v (cf. Definition 13. 7p to the 
special case v = vq = (0,0, 1) G N{X), which is the class of a point sheaf. 

Proposition 7.11. Let v € N{X) be a standard vector. Then there is a K3 
surface Y and a derived equivalence ^ : X'^(X) V^^V) such that 

and $ respects the distinguished component. 

Moreover, Y is a fine moduli space of Gieseker- stable sheaves and the 
Hodge structure H'^{Y,'L) isomorphic to the subquotient v^/v of H{X^'L). 

Proof. Write u = (r, I, s). Applying Tqx > shifts and L (g) _ for a line bundle L 
as in the proof of [Huy06' 10.10] we reduce to the case that that r > 0. Note 
that the equivalences Tb^, [1], L (g) _ respect the distinguished component 
by Lemma 17.21 and Proposition 17.61 

By |Huy06| Sec. 10.2] there is an ample class h G NS{X) such that the 
moduli space of Gieseker-stable sheaves Y = Mh(v) is a K3 surface with 
Hodge structure H'^(Y,Ij) = v^/v as subquotient of H{X,Z). The derived 
equivalence induced by the universal bundle £ respects the distinguished 
component by Proposition 17.51 and maps vq to v. □ 
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